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FOREWORD
FOLLOWING Progress Report No.1, on the investigation of the local
compressive strength of wide flange columns, carried out at the Fritz
Engineering Laboratory, Lehigh University, the Committee on Tech-
nical Research of the American Institute of Steel Construction presents
herewith Progress Report No.2, by Dr. Bruce Johnston, Associate
Director; Fritz Engineering Laboratory, Lehigh University, and ?vlr.
Lloyd Cheney, A. 1. S. C. Research Fellow, Lehigh University, wh'ich
gives the results of tests of eccentrically loaded columns.
The investigation covered in, this Progress Report was completed' 111
June, 1942.
Early in the program, the Committee 011 Technical Research decided
to institute, as a part of the program, an investigation of the behavior.
of columns as part of frames, and the behavior of stiffened plates in
compression. These phases of the work are now in progress and, upon
completion, will be covered by Progress Reports.
COMMITTEE ON TECHNICAL RESEARCH
AMERICAN INSTITUTE OF STEEL
CONSTRUCTION
1<'. H. FHANKLAND, Chuirll/(/'/1
C. A. ADAMS.
H. D. HUSSEY.
.JONA'l'HAN .JONES
,J. R. L.nIBEHT .
L. S. MOlSSEIFF .
\VAL'l'EH \VEISKOPF
NEW YORK, N. Y.
NOVEi\IBER. 1942
American Institute of Steel Constrndion
. Consulting Engineer, Philadelphia, Pa.
American Bridge Company, New York, N. Y.
. Bet)llehem Steel Company, Bethlehem, ~a .
The Phoenix Bridge Company, Phoenixville, Pa.
Consulting Engineer, New York, N. Y.
Consulting Engineer. Nmi' York, N. Y.
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PROGRESS REPORT NO. 2
STEEL COLUMNS OF
ROLLED WIDE FLANGE SECTION
AMERICAN INSTITUTE OF STEEL CONSTRUCTION
COLUMN RESEARCH AT LEHIGH UNIVERSITY
BY BRUCE JOHNSTON * AND LLOYD CHENEyt
This progress report describes tests of eccentrically and axially
loaded steel columns sponsored by the American Institute of Steel
Construction at Lehigh ·University. Progress Report No. 1 has pro-
vided a general introduction to these tests and has presented test
results on the local compressive strength of column flanges. The
present report concerns tests wherein the column fails as a whole, by
buckling, bending, twisting, or combinations of such, as contrasted
with the local plastic buckling failures reported in Progress Report
No. 1. The tests reported herein were covered in less detail in a pre-
. "ious memorandum 2, **.
A brief statement of certain column formulas will be made. Deriva-
tion of the formulas will be found in the references. These formulas
are used for predicting maximum loads, working loads, or stresses, and
presume that the failure of the column is integral and not due to local
buckling or crippling. Assumptions similar to those in the development
of beam bending theory are made.
THE EULER FORMULA
In 1744 Euler presented his well-mown formula which gives the
buckling load for a pin-ended and axially loaded column. This formula
is valid only so long as Hooke's Law holds and the proportional limit
of the material is not exceeded.
* Associatc Director, Fritz Laboratory, and Associate 1'rofessor of Civil Engineering, Lehigh
University. (Absent on leave).
t Instructor of Applied Mechanics, Case School of Applied Science, Cleveland, Ohio,-
Formerly A. I. S. C. Research Fellow, Lehigh University.
** Numerals refer to references listed at the end of Progress Report No. J.
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6 . WIDF, ~'LANGE S'l'.EEL COLUMN'S
..-'EI ..-'EAp.=--,=---
, l' (+y
p. = Euler critical load for column pinned at each end
E = Young's. Modulus
I = Least Moment of Inertia,
A ,= Cross-sectional Area
l= Length between pin ends
r = Radius of Gyration
(3)
If the column is not pinned at both end!? the Euler formula may
be modified.
..-'EIP' - --'-
,,- (kl)' -
..-'EA P,
k'
(4)
kl = the length between inflection points when the axial load is assmped to~
hold the column in a slightly deflected or bent position '
The critical buckling load may be defined as the axial load which
will just be sufficient to hold the column in a slightly bent position. ,
Equations (3) and (4) for critical buckling load may be modified to
take account of loads which exceed the proportional limit. The modi-
fication simply involves the substitution of a modified value of E which
would be reduced from the elastic value of E toward a limit of zero
as a condition of pure plasticity is approached. There are two forms
of the modification, one being known as the "tangent modulus'~ fOImula
and the other as the "double modulus" formula. '{he "tangent mod-'
ulus" formula simply substitutes for E a value E r which is determined
by the slope of the tangent to the stress-strain curve obtained fOf the
same average compressive stress in a simple test on a short prism.
Then,
(5)
The "double modulus" takes theoretical account of the fact that, as
the column starts to bend at the critical load, the elastic modulus applies
to the fibers which have relier from compression whereas the reduced
tangent modulus is applied only to the fibers which have' increased
compression. The tangent modulus is the simpler of the two modifica-
tions, is on the conservative side, and has been shown in the case of
structural aluminum alloys to agree well with tests20 • The results of
tests would agree closely with the double modulus theory only if such
tests could be made with absolutely straight columns, perfectly homoge-
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neous material, zero eccentricity, and frictionless pin-end supports.
Such conditions may be approached but never realized in the laboratory.
In field practice the validity of such assumptions is even less and it is
common procedure in design formulas'to make allowances only for
inherent crookedness and eccentricity of loading. Nevertheless, in the
case of certain materials such as structural aluminum alloy or high-alloy
steels the stress-strain diagram is markedly curved and it is necessary
to consider the reduced modulus in developing formulas. In the case
of ordinary carbon structural steel the yield point usually determines
the strength of short columns not in the Euler range (since the E value
is nearly a constant below the yield point). Some investigators have
attributed to a reduced E the behavior of structural steel. columns in
the intermediate zone between the short column and Euler range (llr
between 50 and 100). Although the behavior of structural steel columns
in this range may be satisfactorily approximated on this basis it is
probable that the more dominant factors in the case of carbon structural
steel are: unavoidable end eccentricity, crookedness, non-homogeneity,
ot residual internal stresses,
THE "ECCENTRICITY" OR "SECANT" FORMULA
The eccentricity formula gives the maximum stress in an eccen-
trically loaded strut and includes consideration of the additional
deflections due to bending. It is simply a ,"deflection theory" for struts
and according to Salmonll was first derived by H. ScheIDer in 1858.
The eccentricity formula assumes that the eccentricity is known.
Actually, most columns are framed, and the equivalent eccentricity
introduced by end moments in a framed column does not remain con-
stant, but varies with changing column load. The eccentricitymay even,
become zero and then reverse itself. Hence, laboratory tests with end
eccentricity held constant do not bear a direct relation to the behavior
of framed columns.
In the case of short struts it is not necessary~ to take account of
additional deflections due to bending and the maximum stress in the
WF or I section loaded in one of the principal planes is:
P Me
"rna. = A + -1- (6)
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When a short strut is loaded with equal eccentricity "e" at each end
.NI = Pe, and the maximum stress is
. P ( ec ) P ( e )(]'max = - 1 + - or = -- 1 + -
A r' A s
( ec eA e)- = -,- = - = eccentricity ratio~ S s '
c = distance from neutral axis to extreme fibre
[) = Section modulus '
s = "core" or "kern" distance
(7)
(8)
If a factor of safety "n" with respect to yield-point stress is desired,
Equation (7) may be rewritten to provide a direct design formula for
average working stress (]'./n
trw = 1 + cis
As a column becomes more slender the deflections due to bending
become"important and the maximum moment at the center is appre-
ciably different from that at the ends:
l1fmax = Pe sec 1/.
where 11 may be expressed variously as
I ~/7' I ,.17' 7r /7'
u = 2" EI = 2r " AE = 2 'z;:-
The maximum stress in the column then is
P l1Im• x c P (' e )
(]'m.x ='-+ = -A 1 +-secu
A s.
- . P .The equatIOn for average stress (]'a = A IS
(9)
(10)
O'muz
(]'a = ---~-=----- (11)
e I J-;;;-
1 + -- sec --,,-
s 2r E
If a factor of safety "n" with respect to yield stress is desired, an
Equation analogous to Equation (ll) is given by
(]'./n(]',. = --_---.:'------
e I J ?I(],,.-
1 + - sec -,,--
s 2r E
(12)
In Equation (12) it is assumed that the load "P" is applied in the
plane of one of the two principal axes.
Prior to 1940 the A. R. E. A. Specifications for Steel Railway Bridges
provided a similar formula for eccentrically loaded compressive members
as follows:
(]'./n(]'" = --------="-------
1 + (~+0.2.5) sec~.I n(]',.
s' 21''' E
(13a)
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, In the 1940 A. R. E. A. Specifications Equation (13a) was modified
to take account of the fact that the load may be applied with simul-
taneous eccentricity with respect to both principal axes. Considering
axis 1 as the axis with the larger l/r and axis 2 that with the smaller l/r,
the formula is then of the following type:
u.ln
(TUI = ---------------
. (e1 ) kl, Inuw e·, kl., Inuw
1 + - + 0.2.5 see --,-- +-- see ---,--
81 2/'1 E 82 2/'2 E
(13b)
As is pointed out in a previous article3, this procedure neglects com-
pressive str'ess due to torsion which in the case of torsionally weak I
and WF sections may amount to more than that added by the defiec- .
tions due to bending.
In Equations (13) "k" is a reduction factor taken as 0.75 for riveted
ends and 0.875 for pinned ends, but does not have the same real sig-
nificance as "k" in Equation (4). The additional eccentricity ratio of
0.2.5 is included to compensate for end load eccentricity, secondary
moments, and accidental crookedness. The significance and validity
of both of these conti'adictory modifications of Equation: (12) tue'open
to some question when applied to a framed column.5
There are three constants involving arbitrary selection in Equa-
tions (13), i.e., (1) the factor of safety "'11", (2) the allowance for crooked-
ness, secondary moment, and t~ccidental end eccentricity (0.25), and
, (:3) the reduction factor "k" which is applied to the l/r ratio. These
will be discussed in the order named.
FACTOR OF SAFETY
The selection of the proper factor of safety is an impor'tant and
diffi~ult problem. The real factor of safety in a structure is the "load
factor", or ratio between load at the limit of structural usefulness and
working load. The factor of safety is sometimes thought of, however,
as the ratio between yield-strength stress and allowable working stress.
For structural steel with a minimum yield strength of 33 k. s. i. the
A. R. E. A. uses an allowable working stress in tension of 18 k. s. i.
Hence the so-called "factor of safety" in tension is given by:
. 33
n = -- = 1.83
.IS
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In compression, the A. R. E .. A. base stress for short columns· is
taken as 15 k. s. i. and there is an implied eccentricity ratio of 0.25.
Hence, by Equation (8), the base stress factor of safety with respect
to yield stress is:
. u.
n =--~--
33
--,---,-,---,-,~c- = 1.7(j
15 (1 + 0.2.5)
The A. 1. S. C. uses 20 k. s. i. as the tensile working stress and
17 k. s. i. as the base column stress. Hence n = 33/20 = 1.65 in ten-
sion. If the A.R. E. A. implied eccentricity ratio is carried over into
the A. 1. S. C. formula:
33
/I = = 1.55
17 '(1 + 0.25)
if it is assumed that the same "n" is to 'be used for compression as for
tension, a smaller eccentricity ratio is thereby implied. In this case,
e/s = 0.1765, or roughly, 0.18.
The question now arises as to whether or not the implied eccen-
tricity ratio of 0.18 is sufficiently high to take care of crooke.dness and
accidental end eccentricity in columns in building frames.
ALLOWANCE FOR ACCIDENTAL CROOKEDNESS AND
END ECCENTRICITY
./;'revious investigations have demonstrated that the arbitrary' allow- .
ance for crookedness and accidental end eccentricity may be lumped
into one; either an assumed initial column curvature or an. assumed
end eccentricity. The maximum stresses will be almost the same in
each case and it will be on the safe side to assume the combined effect
as due to an equivalent end eccentricity.
It has been suggested that the A. 1. S. 1. rolling .and cutting toler-
ances be taken as a basis for the equivalent eccentricity allowance.
There are three types of tolerance which have a bearing on the selec-
tion of the implied eccentricity ratio:
1. Tolerance for web displacement (±%-in.).
2. Camber tolerance 1/960 (in.) with %-in. maximum.
3. End milling tolerance (no A. 1. S. C. tolerance-fabricators as-
sume aboutW4-in. in 12 in.).
On the basis of 1 and 2, arbitrarily assuming:
(1) Minimum column section 6 WF 41.
(2) Beams absorb 72 ecc~ntricity due to (1).
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Maximum';equivalent eccentricity ratio would be about
e llr
- = 0.18 + _.- (14)
s 500
For llr = 0, Equatior (14) reduces to the present A. 1. S. C. allow-
ance for cis, but results in an increasing allowance as the columns
become increasingly slender.
REDUCED EQUIVALENT LENGTH ALLOWED BY
FRAME ACTION
An axially loaded column with· fixed, non-rotating, ends would have
an llr reduction factor "k" equal to 0.5 and in the elastic buckling
range would be four times as strong as the same column with frictionless
pinned ends. A tier building column which frames at regular intervals
into beams will usually have a reduction factor "k" somewhere between
OJ> and 1.0, when loaded axially.
It has been pointed out5 that in application to building frames with
relatively slender members the reduction factor "k" and the equivalent
end eccentricity introduced b~' frame action may vary with variable
column load "P". In spite of the foregoing, the analysis of a simplified
case of frame action2 •5 indicated that the use of a "k" factor in the secani
formula may give good results for design purposes, at least for properly
specified classes of columns. A more complete treatment of this very
important problem will he presented in a later progress report.
DESIGN FORMULAS FOR ECCENTRICALLY LOADED
COLUMNS
The secant formula (Eq. 12 or 13) may be used for the design of
eccentrically loaded columns and Equation (13b) is so specified by the
A. R. E. A. for cases where there is a known eccentricity. The practical
drawback to Equation (12) or (13) is the fact that (J'w cannot be solved
directly for any particular case but must be evaluated by cut and try
procedure. This is not particularly difficult but will be avoided by the
designing engineer if possible. The secant formula takes account of
additional deflections due to bending but these are important only in
the case of relatively slender columns. When slender columns having
the rolled I or H section shape are bent in their strong direction it is
important to note that the secant formula (Eq. 12 or 13a) neglects the
possibility of lateral and twisting buckling such as is considered in the
12 WIDE FLANGE STEEL COLUMNS
(15)
(16)
design of steel"beams ,,'ith laterally unsupported compression flanges.
In Equation (13b), however, the secant formula always assumes some
lateral bendin(/ in the weak direCtion, hence compensates for the de-
ficiency of Equation (12) or Equaton (13a).
The A: LS','C. "Section 6" formula for eccentrically loaded columns
is given by:
fA +~=1
FA F B
fA = <Tw = :LVcrage allowable axial stress in column
fB = maximum bending stress calculated by beam formula = MIS
FA = allowable working average column stress for un axially loaded
column
PB = allowable bending stress as a laterally unsupported beam for
particular III! ratio
If bending is in the weak direction only, the A. 1. S. C. allowable
beiittiiigstressF B = 20 k,sj, and the preceding expression 1.5 reduces to:
FA ,
fA = (PA) e (k.s.!.)
1 + -.- -
20 s
Equaiion (16) corresponds to a formula which has been called in
GermaIly ,thq"Omega" formula and which presumably is used for bend-
irig about both the weak and strong axes, It has recently been intro-
duced into American literature:2l
,'A theoretical anaJysis3' 22 has been made to obtain the critical end
load %r elastic lateral-twisting buckling of a column loaded with equal
end eccentricities, in its strong plane. The condition for buckling is
found to be:
PM,'
-+-- =1 (17)
, Per il'f2er
P = eolullln load at buckl ing under 'combined P and il'1.
111 = Pe = moment at each end at buckling ,
Per = critical buckling load in weak direction for t,he column if axially loaded
and with no end moment
rr'EJ
Per = --- for pinned ends
I'
. 4rr'EI
Per = --- for fixed ends
. I'
,11;r = critical moment for lateral buckling of the colullln loaded with equal
end couples in the strong plane and with no axial load
Mer = ~~ (Ely) (GK),/7r'Q' + 1 (for pin ends) (18)
I P
,-----
': 2rr.l . / 4rr'a,2 '. .
Afcr'= -" (Ely) (GK),--,- + 1 (for ends fi;;:ed ~gamst bendmg m (19)~ I . . I~ the weak dIrectIOn)
l\, Q, = torSlo;'i f'onstants 2', 23
E = elastic tensile modulus = 29,000 k. s. i. for steel
G ,= elastic shear modulus = 11,200 k. >. i. for steel
(Note ,lEG = 18,000 k. s. i.)
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The application of Equation (17) to a special case IS shown in
Fig. 24, adapted from a previous report3, and inclicating predicted
average column stress at either yielding or elastic buckling in the case
of a 14 WF 30 loade61 eccentrically at. each end with ec/r2 = 1 in the
35
C
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Fig. 24.-lllustration of different types of column failure for 14WF 30 loaded
eccentrically in plane of web with eccentricity ratio ~ = I. (Note that for this sec-
tion the values on/ry" are about 4 times the indicated values of l/rxx ).
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plane of the web. If steel had a perfectly linear stress-strain diagram
up to the yield point, and if all conditions were ideal, the secant formula
(Eq. 12) would hold from A to 13 in Fig. 24 which indicates the average
stress at which the maximum stress reaches the yield point. From 13 to
14 WIDE FLANGE STEEL COLUMNS
C, and beyond, the condition of elastic buckling is the criterion of
strength, as calculated by Equation (17). Actually, it might be expected
that test results :"ould fall along line ADEC rather than ABC, assuming
that point E represents a state in which the maximlllm stress has reached
the proportional limit of the material. Along the dashed line DE a
reduced effective modulus would govern and failure would probably
result from inelastic lateral and twisting buckling. Such failure was
frequently encountered in the eccentrically loaded column tests made
in this program. -
It should be emphasized that in Fig. 24 the curve for the .secant
formula is based on Equation (12). In this applicatIon of the secant
formula, with the load applied eccentrically in the plane of the web,
possible failure by lateral bending .or buckling has been neglected.
Actually some accidental eccentricity in both directions will always
exist, which fact is considered in· the present A. R. E. A. formul~
(Eq. 13b). The use of Equation (13b) in Fig. 24 would have resulted
in a curve of critical load falling below the curve for lateral-tor~ional
buckling up to much higher values of ljr than indicated in Fig. 24.
Elastic lateral-torsional buckling is importan~ as ~ limiting con-
, .dition of failure but usually is not a design problem when the'eccentricity
in the plane of the web is relatively small and the slenderness ratio of
the column is restricted to low values such as are commonly specified
for primary structural steel columns. The use of alloy steels would
necessitate re.-evaluation of this statement.
Equation (17) could be used to obtain working values for design,
by dividing Per.and Mer by a suitable factor of safety, n. Equation (17)
may be rewritten, translating to stress and to the notation used in the
A. 1. S. C. "Section 6" formula, Equation (15).
fA + JIB)' = 1 (20)
FA (FB )'
Equation (20) is similar to Equation (15) and gives slightly higher
allowable stress values. Equation .(20) however, was derived on the
basis of elastic buckling whereas Equation (15) is simply an empirical
formula using specification formulas for FA and F B) and is intended to
apply to short columns as well as to elastic buckling. In Equation (20)
"Pe; MereFA = -- and F B =--An l.n·
where n is the desired factor of safety.
If identical values of FA and FB are used in Equation (15) and Equa-
tion (20) the A. 1. S. C. Section 6 formula, or Equation (15), results in
a lower average allowable stress.than Equation (20).
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NOTE ON AXIALLY LOADED COLUMNS
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Design formulas for columns which are presumed to be' axially
loaded, usually contain an allowance for eccentricity and crookedness,
as previously discussed. As a result, the allowable stress in the short
column range is less than the allowable tensile stress. In the long
column range (ljr > 100), current design formulas for working stress
give a factor of safety which is inadequate for a pin-ended' column
(less than the ratio between tensile yield point and tensile working
stress)." Hence, it must be presumed that allowance is made for end
restraint in the long column range. This is a subject re"quiring further
study. End restraint has no appreciable effect on strength in the short
column range but may cause a 400 per cent increase in strength in the
long column range, over that of a pin-ended column. Whereas the pres-
ent formulas may be unsafe in cases corresponding to frictionless pinned
ends, it appears that further economy might be effected if columns
could be classified according to restraint' afforded by their particular
framIng conditions. Some speculation along this line was presented in
a previous memorandum2 but definite recommendations, if any, will be
made in a later progress report on framedeolumns.
, TEST RESULTS
Ninety-three te'sts were made on both axially and eccentrically
loaded columns, in addition to those reported in Progress Report No. 1.
These tests were made with knife edge supports and constant eccen-
tricity during test; hence they do not apply directly to framed columns
in which the equiv'alent end eccent~icity varies with the load. Eighty-
nine of tlie tests were made with 3 I 5.7 sections, which have a'nominal
flitnge width of 2.33 in., hence are similar in shape to a wide flange
column section. Seventy-six of the tests on the 3 I 5.7 sections were
planned according to the schedule in Table IV, each letter, X repre-
senting a test of the corresponding slenderness rati~, ljr, and e~centricity
ratio ecjr2 (or ejs). The same test program was carriecl'3-uti:n both the
weak and strong' directions. The actual slenderness ratios were some-
what larger than as indicated in Table IV, because of the bearing blocks
between the ends of the column and the loading,knife edge.
The sixteen tests of 3 ~ 5.7 sections not fitting into the schedule in
Table IV were pilot and miscellaneous tests preliminary to the main
program. An additional six tests were made on 6 WF 20 sections to
provide tests of a column section having different torsional and geomet-
rieal eharacteristics.
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It is recognized that a program involving :principally one size and
"hape of section (and a small size at that) cannot be used as a basis
for any general conClllsions. It was outside the scope of the investiga-
tion to enter into a more ambitious program. The essential purpose
of the test program, therefore, was to give a correlated series of tests
in which the primary variables were slenderness ratio and eccentricity.
TABLE IV
Slenderness Eccentricity Ratio ee/l"
Ratio 1/1" 0 Y2 lY2 2 3 5 7
20 X X X X X X X X
30 X X
40 X X
45 X X X X X X X X
50 X X
60 X X
70 X X X X X X X X
FlO X X
lOa X X
120 X X
A typical test set-up for a 3 I 5.7 column test is shown in Fig. 25.
Bearing blocks between knife edges and milled ends of columns were
about three inches thick. For all loads within the kern area three-inch
blocks machined smooth·on both' sides were used. In the case of the
axially loaded specimens, the load was centered by trial and error until
the tensometers on the four corners (shown in Fig. 25) gave nearly
the same differences for load increments in the low load range. Eccentric
load knife edge positions were located by measurement. ". In the case of
loads outside the kern, individual bearing blocks were welded to each
end of each column and the bearing blocks extended far enough to one
side to provide the loading arm which introduced the eccentric load.
A correction24 in the effective l(T was made to compensate for the rigid
length of the bearing block. The correction was appreciable only in
the case of the very short specimens. The manner of loading intro-
.duced a degree of friction at the knife edge, since the hardened knife
edge was allowed to seat itself in the relatively soft steel of the bearing
block. The restraining moment introduced by such friction was calcu-
lated to be relatively small and unimportant in the case of short columns
or columns eccentrically loaded. "In the case of the four tests made
with axial load, in the long column range (l(T = 100; 120), the friction
undoubtedly led to the higher than Euler loads that were recorded. The
strength of an axially loaded slender column in the elastic buckling
range is known to be very sensitive to slight variations in end restraint.
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Fig. 25.-Test set-up for 3 I 5.7 column test.
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Fig. 26.-Typicaldress-strain diagrams in tension and compression for 3'1 5.7 column material.
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The dj!l1~!lsionsof the specimens were measured carefully by microm-
eter calipers. The moments of inertia in both the weak and strong
direction. ~v~.~ within three per cent of the nominal handbook values.
The computed values of radii of gyration were within two per cent
of the handbook values. These constants of bending stiffness were also
checked by l;~am tests in pure bending, and agreed closely with nominal
and measured values of I and T for an ~ssumedmodulus E = 29;000,000
p. s. i. Two different lots of steel were used in the case of the 3 I 5.7
sections.·These had similar physical properties. The average yield
point weightjeld according to relative areas and based on tests of flange
and web material was 42.4 k. s. i. for the steel in Lot 1 and 40.8 k. s. k.
in Lot 2. Fig. 26 shows typical stress-strain curves in tension and
compression for material taken from the junction between the web and
flange. Th¢se tests were not used in computing the weighted average.
The material in the 6 WF 20 sections had a weighted average yield
point of 39".8 k. s. i. The material met the A7-39 A. S. T. M. Specifi-
cations in all respects.
The test results are presented in Table V and in Fig. 28 to 33.
The second" column in Table V tabulates the length between knife. edge
supports. in the case of the short columns the lengths are corrected24
to compens;1te for the rigid bearing blocks which were assumed not to
bend. The· correction was less than one per cent of the length even
in the shortest columns. Column 3 identifies the material designated
as Lot lor' Lot 2 for the 3 I 5.7 sections (see data as to physical prop-
erties). Columns 4 and 5 indicate the orientation of the knife edge
and the load eccentricity. Column 6 gives the slenderness ratio, l/r,
for the' direction of bending which is freely permitted by the rotation
at the knife. edges. For tests C1 to C38, CPl1"and 6-1, 6-2, and 6-3,
the free bending is in the weakest direction and the columns when
testedbeni·principally in this direction. Columns axially loaded as in
Tests No; 39 to 48, with free bending in the strong direction, failed in
the weak direction even though the ends were more or less fixed in this
direction against rotation. In the case of the 3 I 5.7 sections the weak
racpus of gyration is less than half the strong, hence such failure would <-
be expected'. In the case of the 6 WF 20 sections, the weak radius of
gyration is 'sliglitly more than half the strong. H~wever, previous tests,
as well as those here reported, show that the length reduction factor
for a flat ~~d test is nearer 0.6 than 0.5. Column 7 reports 0.6X (the
slenderness' ratio) in the direction normal to that in which free bending
is permitted". This is listed only when free bending is in the strong direc-
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TABLE NO. V
25.70
28.()0
2:3.80
20.30
23.20
20 ..50
19.70
H).GO
19.40
18.10
17.30
14.90
12.70
9.20
:30.00
19.20
15.30
1'l.l0
8 ..50
7.10
·24.00
17.00
1:3.30
10.00
7.00
5.39
20.40
13.70
11.35
9.18
6.8i>
4.78
32.90
33.40
33.40
34.40
31.00
28.30
23.30
19.00
15.20
1l.20
9.ll
6.47
42.20
4.2.50
42.20
41.80
37.50
33.85
27.55
22.10
16.70
1l.33
30.20
:3:3.20
2.5.70
20.:3.5
:31.50
26.90
2.5.75
2.5.40
25.15
22.80
20.75
18.25
14.:;:3
1l.25
:~2 .20
28.0.5
23.70
18.0.5
11.M
8.9.5
29.GO
22.35
18.80
14.31
9.09
7.H)
24.05
16.62
14.41
11.58
30.20
33.20
25.70
20.3;;
29.70
26.20
2.5.00
2'LOO
24.20
22.30
20.liO
17.80
14.40
11.00
30.80
2:3.40
19.00
lli.15
10.30
8.liO
28.60
UL90
Hi.40
12.30
8.liO
6.(i2
23.70
1li .40
1:3(;5
1l.10
8.30
.5.81
42.20
42.50
42.20
41.80
37.50
33.85
27.55
22.10
16.70
11.33
27.9
41.7
55.7
62.6
li9.6
83.5
97 .•5
lll.0
139.2
167.0
488
48.8
75.7
n.8
73.8
73.8
73.8
73.8
22.6
32.6
42.7
47.1
.52.1
62.0
72.0
82.0
101.8
121.6
105.7
125.8
25 ..5
2:3.7
23.7
2:3.7
2:3.7
25 ..5
.50.7
48.8
48.8
48.8
75.7
87.0
105.7
125.8
25.9
3G.2
4li.3
50.7
5G.G
lili.\l
7.5.7
87.0
o
o
o
o
o
o
o
o
o
o
0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.24
0.12
0.35
0.47
o.n
1.18
I.G.5
0.12
0.3.5
0.47
0.71
1.17
1.65
0.12
0.35
0.47
0.71
1.18
I.G5
o
o
o
o
o
o
o
o
o
o
Average Stress
Web
Web
Web
Web
Web
Web
Web
'Veb
Web
Web
Web
Web
Web
Web
Web
Web
\Veb
Web
Web
Web
Web
Web
Web
Web'
Web
Web
'Veb
Web
Web
\Veh
Web
Web
Web
Web
Web
Web
Web
Web
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
1
2
2
1
1
1
2
1
1
2
1
2
2
2
2
\ 2
2
2
2
1
1
1
2
13.50*
18.82*
24.1.';*
21L 84*
29.50
34.81
40.12
45.37
~)lLOO
66.62
13 ..50*
18.82*
24.1.5*
26.84*
29 ..50
:H.81
40.12
4.5.37
.56.00
Gli .G2
13 ..50*
12.59*
12 ..5\l*
12 ..59*
12.59*
13.50*
2(i.84*
2.5.8li
2.5.8G
25.8G
2.5.8G
25.8li
40.12
39. ]2
39.12
39.12
39.12
3.9.12
27.62
39.87
.52.19
58.37
64.50
76.81
89.12
101.37
126.00
150.62
C 31
C :32
C 33
C34
C :~.5
C 36
C 1
C 2
C 3
C 4
C 5
C 6 I
C 7
C8
C 9
ClO
Cll
C 12
C 1:3
C 14
C 1.5
CIG
C 17
C 18
C 19
C 20
C 21
C 22
C 23
C 24
C 2.5
C 2G
C 27.
C28
C 29
C :30
E '"0
I '" ~"'=' ~~"'=' -S"'='~ ~ ::;;: @~ ~.~ g ~ ~n~
c '0 ~- c:; H :.0-><~ oU~ ~ ~
---1----1--1----1--- ----------------
2.5 .9 . . . . 43 .90 43 .90 34 .40
:~6.2 . . . . 43.60 4:3. 60 34. :30
46.3 .... 41. GO 41.60 33.20
50 .7 . . . . 40 .4.5 40 .45 33 .40
.5G .G . . . . 40.70 40.70 32.'90
G6.9 .... 38.40 38.40 31.60
.c:n
C :38
C 39
C 40
C 41
C 42
C 4:~
C44
C 45
C 46
C 47
C48
* These lengt~B were corrected to compensate for rigid bearing blocks.
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TABLE NO. V-(Continued)
Average Stress
18.10
17.60
16.50
1.5.60
16.15
15.50
13.80
12.70
10.00
8.G4
23.40
14.90
11.90
9.15
6.44
4.80
22.20
13.:30
lO.GO
8.45
.5.90
4.49
17.75
1l.G2
12 .(i7. 10 .50
n.02· 7.'15
(i .53 5.40
4.81 :3.86
15.G2
11.86
8.1.5
6.29
27.20
1(i . :38
13 .:~O
11.10
7.41
.5.G4
21.0.5
1:.L93
23 ..50
22.8.5
20.45
]\) .10
20.00
18.70
1G ..50
14.05
11.40
9 ..50
28.90
19.00
12.67
9.02
(i .•53
4.G9
12. 9:~
10.40
7.24
5 ..52
21.0:3
1:3.93
2:3.20
22.60
20.20
JO .10
20.00
18.70
16 ..50
14.9:)
11.40
9 ..50
28.00
18.40
14.70
113;~
7.9.5
.5.94
27.10
IG.30
22.3
22.3
22.3
22.3
47.1
47.1
72.0
72.0
72.0
72.0
47.1
47.1
47.1
47.1
72:0
72.0
22.6
:~2 .G
42.1
47.1
.52.1
G2.0
72.0
82.0
101.8
121.6
22.3
22.3
2.02
:~ .03
.5.05
7.07
0.50
1 ..52
2.02
3.03
5.05
7.07
;"
...,
:§ 00
.... '"~~
'" '"~.-
~'"
1.01
1.01
1.01
1.01
1.01
1.01
1.01
1.01
1.01
1.01
0.50
1.52
2.02
3.03
.5.05
7.07
0 ..50
1.:'12
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Flange
FltLl1<Te
Flange
Flange
Flange
Flange
Flange
Flange
Flange
Fhnge
Flange
FltLllge
Flange
Flange
Flange'
2
2
2
2
2
2
2
2
2
2
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
27.62
27.G2
27.G2
27.62
58.:37
.58.:37
.58.:37
58.:37
.58.:37
1)8 .:37
80.12
89.12
80.12
80.12
80.12
89.12
27.G2
39.87
.52.HI
58.37
64..50
76.81
89.12
101. 37
12G.00
150.62
27.G2
27.(j2
ci
Z
C49
C50
C 51
C 52
C 53
C 54
C .'')5
C 56
C 57
C 58
C 59
C 60
C 61
C62
C 63
C64
C 65
C 66
C 67
C68
C69
C 70
C7l
072
C 73
C74
C 75
C'76
cr 1
cr 2
CP ;~
cr 4
CP 5
CP 6
CP 7
cr 8
cr 9
CrlO
CPll
1!).7.5'
19.75'
19.29
18.82
13 ..50
18.82
24.1.5
20 ..50
34.81
4.5.:37
52. !\)
1
1
1
1
1
1
1
1
1
1
2
Flange
Flange
Flange
Flange
F1an<Te
Flange
Flange
Flange
Flange
FllLnge
Web
o
o
o
o
o
o
o
o
o
o
o
1(). I
1G.l
1;3.8
1.5.4
11.0
15 A
19.7
24.1
28'.1
37.0
100.0
18.0
18.0
18.0
18.0
12.0
18.0
2:3.9
:30.0
3G.0
48.0
4.0.0
42.8
4:~ .8
43.2
4:3.1
43.9
43.6
43.6
42.8
40.1
29 A
40.0
42.8
4:~.8
43.2
.51.4
4.5.5
4:3.G
43.6
42.8
40.1
29.4
:31.1
33 A
34.2
33.6
33.8
34.2
34.0
34.0
33.6
:31.1
26.5
6-1
G-2
G-3
6-4
G-.5
G-G
71.00
71.00
7I .00
lt9.00
119.00
119 ..50
3
3
3
3
3
:3
Web
Web
Web
Flange
Flange
Flange
o
0.7G
1.5:3
o
2.23
4.4.5
47.3
47.3
47.:3
46.7
46.7
46.9
4G.2
34.6
26.0
17.7
::14.6
21.6
14.4
:34.6
27.9
20.0
M.G
2l.G
14.4
29.2
21.9
14.9
29.2
29.0. ;
12.1
* These lengths were corrected to cornpensnte for rigid bearing blocks.
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tion, in which case there is the possibility of lateral buckling. Column 8
gives the average stress (load divided by cross-sectional area) at general
yielding of the column. General yielding was arbitrarily assumed in
these te~ts to have occurred when the average strain at the mid-length
of the column, on the most stressed side, showed an offset of 0.001
from the initial straight portion of the load-strain curve. These strains
were measured over a one-inch gauge length with tensometers. The
yield load, so defined, was in many cases identical with the ultimate,
most commonly so when free bending was in the strong direction or
when the columns were axially loaded.
Column 9 in Table V gives the average axial stress at the maximum
test load. Column 10 gives the average axial stress at general yiel,d,
arbitrarily reduced to adjust the results to the minimum specification
yield point of 33 k. s. i. for structural steel. This reduction was not a
constant, but varied with liT so that in the elastic buckling range no
reduction at all was applied. The variation in the reduction was made
as would be predicted by the secant or eccentricity formula.
The axially loaded columns. adjusted by trial to a uniform stress
condition at the mid-point, usually buckled suddenly at the maximum
load. Theaxially loaded columns with knife edges parallel to the web
buckled freely in the weak direction. The axially loaded columns
with knife edge parallel to the flange also buckled in the weak direction,
with a semi-fixed end condition which caused the results to correspond
on the average to a length reduction factor .of about 0.6. .
The eccentrically loaded columns, with tile eccentricity causing
bending in the weak direction, failed gradually and with a considerable
amount of reserve strength after reaching the yield point. This would
be expected, as a result of analysis by the theory of plasticity. After
initial yielding, most of the bending was concentrated near the mid-
height of the columns, particularly in the case of those loaded eccentric-
ally to produce bending in the weak direction. The final shape of these
specimens consisted of two fairly straight portions at each end and a
sharply bent portion at the center.
The columns loaded eccentrically to produce bending in the strong
direction usually. failed by plastic lateral-torsional buckling after initi-
ally passing the yield point in the case of short specimens and somewhat'
below the yield point in the long specimens. The tendency of the
longer specimens toward lateral-torsional buckling in the sub-yield
point and sub-elastic buckling range was discussed in connection with
Fig. 24. The condition of two of the shorter specimens after failure is
. illustrated in Fig. 27.
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.Fig. 27.-Tests Nos. C63 and CM after removal from testing machine.
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The test results for the axially loaded columns and for those loaded
. h . . . C cc I' F' d' dWlt . an eccentnclty ratIO -; = --:;::;- = 1 are s lawn III 19. 28, a Juste to
33 k. s. i. yield point in the short column range as previously discussed.
The axially loaded columns with knife edge parallel to the flange were
plotted for llr = 0.6 ljr in the weak direction, the factor of 0.6 bringing
these results into line with those free to bend in the weak direction.
For an eccentricity ratio of els' = 1, the average stress at which the
maximum stress reaches the yield point, according to the secant formula,
is shown by the dashed line. In the short column range there is a c'on-
siderable reserve strength above the secant curve in the case of columns
in weak bending, and a slight reserve for those in strong bending. The
reserve for weak bending disappears at llr = 120, where the test results
merge with the secant curve. In the case of strong bending, the column
strengths fall below those predicted by the secant formula for llr greater'
than 80. The curve for elastic lateral-torsional buckling crosses the
secant curve at lh of about 115, hence these results appear to be in
line with the discussion in connection with Fig. 24, indicating the transi-
tion between yielding failure and elastic lateral-torsional buckling fail-
ure. These longer specimens failed suddenly in this manner, thereby
suppmting this explanation. This type of failure is associated usually
with columns which are very slender in the weak direction.
Fig. 29, 30, and :31 show the test results for the three series in which
the eccentricity ratio els was the variable, with the ljr rati.os of about
23, 50, and n, respectively. Control points cross-referenced from the
best curves for els = °and els = 1 on Fig. 28 were given added weight
on Fig. 29, 30, and 31. The results are plotted in terms of 1 ~ cis as
the abscissa. This permits the entire range of eccentricity from axial
load (els = 0) to pure bending (els = ex» to be plotted on one diagram.
This manner of plotting also makes the short strut formula (Eq. 8
without n) plot as a straight line.
Also shown on Fig..29, 30, and 31 are curves of load factor or true
factor of safety with respect to allowable working loads as computed by
the A. 1. S. C. "Section 6" formula (Eq. 15). In computing these load
factors it was assumed that the laboratory test columns were straight,
and an eccentricity of 0.1765, as implied by the A. 1. S. C. base column
stress, was added as a penalty on the test results.· For example, the
allowable load by the A. 1. S. C. Section 6 formula would be calculated
for an eccentricity ratio of els = 1.00. This value divided into the
interpolated test result for an eccentricity ratio of els = 1.1765 ,\Va.<;
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Fig. 28.-Test results for axial and
eccentrically loaded columns. Plotted
4 points give yield strength of column
adjusted to <Ty = 33 k.s.i.
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considered to be the load factor for cis = 1.00. It should also be
noted that for cis = 0, with knife edge parallel with flanges, the critical
llr is· in the weak direction and is larger than the other corresponding
test results. These are noted on Fig. 30 and 31 as based on an llr reduc-
tion factor in the weak direction equal to 0.6. .
DISCUSSION OF TEST RESULTS
Assuming the laboratory test columns to be straight, Fig. 29, 30,
and 31 make it possible to predict the column strength for any eccen-
tricity ratio, cis, either applied or assumed as a design allowance. The
axially loaded columns were adjusted in testing so as to be practically
equivalent t6 straight columns. It should be noted that in Fig. 29 and
30, corresponding to llr of about 23 and 48, respectively, the results
indicate that for any eccentricity the short strut formula, neglecting
deflection and shown .by the dashed line, provides a satisfactory design
criterion.
Control points cross-referenced from the curves in Fig. 29, 30, and
31 are shown in Fig. 32 and 33 to indicate the predicted strength of
columns of the type tested for cis =0 and cis = 1, with an added
allowance of cis = 0.1765 for accidental curvature and eccentricity.
For the axially loaded case in Fig. 32, the secant formula is presumed
to hold for llr ratios higher than those investigated. In Fig. 33, for
cis = 1.1765, the predicted load factors are not carried beyond llr = 120.
Although there are no control points for llr greater than 73 the curves
. between 73 and 140 are plotted on the basis of their similarity and
nearness to the curves for cis = 1 in Fig. 28. In Fig. 33 there is also
plotted the curve for elastic lateral-torsional buckling based on Equa-
tion (17). The estimated curve for cis = 1, with knife edge parallel
with the flange, indicates that the transition between strength pre-
dicted by the secant formula and that predicted by Equation (17) for
elastic lateral-torsional buckling in the present case lies between llr = 80
and llr = 140. The transition zone would vary with shapes of different
torsional characteristics and steels with different proportional limits.
The tests herein presented are very meager in this particular range and
inadequate as a basis for conclusions; however, they do suggest that
the secant formula IS not satisfactory in the region where there is a
tendency toward lateral-torsional buckling. The foregoing statement
would not necessarily apply to the type of secant formula specified by
the A. R. E. A., which makes allowance for accidental eccentricity in
the weak direction.
o
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Fig. 29.-Yield ·strength and load
foetor for eccentrically loaded col.
umns with 1 = 23.
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The load factor curve in Fig. 32 indicates that even in the case of
frictionless pin-supports the A. 1. S. C. parabolic design formula up to
llr = 110 gives a factor of safety of 1.65 or better. This includes an
allowance of els = 0<.1765 for accidental crookedness. It should be 0
remembered that this crookedness allowance is not as great as rolling
tolerances ,,;ould imply. Above l/r = 110 the factor of safety falls
below 1.65. However, if end-restraint is considered to reduce the equiv-
alent length by a factor of 0.85, the factor of safety does not fall below
1.65 except for llr more than 200, in which case the formula IS not
intended to apply.
If the equivalent end eccentl'icity which was adjudged to correspond
to A. 1. S. 1. rolling tolerances (Eq. 14) is used as a design criterion
instead of the flat allowance of els = 0.1765, a more conservative
design formula would be required in the long column range, to rilaintain
a load factor of 1.65 with the assumption of a length reduction factor
of 0.85. A formula of this type was discussed in the previous memo-
randum2 . No new formula of this type will be proposed in this report
as any such recommendation should be coupled with appropriate allow-
ance for end restraint, which depends on column framing conditions,
to be studied as the next step in this program.
It is questionable whether a length reduction factor of 0.85 is per-
missible in all cases, although a reduction of as much as 0.70 might be
permitted in certain cases of known end restraint. The general question
of-length reduction cannot be considered in this report. Columns must
be tested as parts of frames, silllulating a variety.of known framing
conditions, and the results coupled with theoretical analyses. If long
columns could be classified according to dependable end restraint,
further economy might be gained in some cases, but in other instances
the present column formulas would seem to be on the unsafe side.
The load factors Of0 l' the case of eccentric loading are given in Fig. 33
for the Secant, A. 1. S. C. and the "Omega" formulas. For bending in
the weak direction the A. 1. S. C. and "Omega" formulas are identical.
For bending in the strong direction the following summarizes the
differences between these formulas:
(1) The secant formula of Equation (12 or 13a) type allows for ad-
ditional stress due to deflections, but neglects the tendency toward
lateral-torsional buckling which may exist. When modified to Equation
(13b) type, allowance is made for accidental bending, in .the weak direc-
tion, thereby compensating for any neglect of the lateral budding'
problem.
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(2) The A. I. S. C. Section 6 formula makes an arbitrary allowance
for the tendency toward lateral buckling, based on the lib reduction
formula for beam benCling stress, but does not directly allowfordeflec-
tion stresses.
.(3) The "Omega" formula neglects the tendency toward lateral
buckling and does not directly allow for the additional stress due to
deflection.
Fig. 33 shows that the factor of safety falls below 1.65 for all three
~ormulas in the range of llr between 60 and 80, and remains below 1.65 .
up to llr = 120. The deflections of the small three-inch columns as
tested were probably more serious than in most practical.cases, whereas
the tendency toward lateral buckling is relatively less serious than in
some of the deeper WF sections in the lightest rolling, the 14 WF 30
for example. For llr of 120, the A. 1. S. C. Section 6 formula gave the
highest factor of safety.
In any special case, requiring accurate design, the most satisfactory
procedure for bending in the strong direction would be to make calcu-
lations both by the secant.formula (Eq. 11 or 12) and by the lateral
torsional buckling formula (Eq. 17). An allowance must also be made
for the transition between the two types of failure, depending on the
shape of the stress-strain curve and the llr ratio of the column. In lieu
of the foregoing, the A. I. S. C. Section 6 formula (Eq. 15) seems to
provide as good a design procedure as any, for general purposes. Since
this formula depends on the lib reduction formula for allowable bending
stress it should be pointed out that for some sections the beam stress
formula gives factors of safety as low as 1.1 for the condition of a
uniform load along the top ofa simply supported beam with pinned ends.
Actually, of course, the ends are never frictionless pins and a higher
factor ofsafety than 1.1 would be realized.
The A. I. S. C,. Section 6 formula (Eq. 15) gives reasonably good
results because the occasional low factor of safety in the bending
formula for F B is offset by the fact that (Eq. 15) gives lower allowable
loads than (Eq. 20), when the same formulas for FA and FBare used
in each. Hence, it appears that (Eq. 15) should be continued in effect
until such time as the bending stress formulas forlaterally 'unsupported
beams are rationalized to take account of torsional· as well as lateral
bending resistance. Such a step has been made in some specifications.21 •22
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SUMMARY AND' CONCLUSIONS
(1) A study of the present A. 1. S. C. column formulas for axially
loaded columns indicates that for a load factor of safety of more than
1:65 in the entire range up to llr = 200, a slenderness reduction factor
due to end restraint is implied. This reduction factor varies from 1
for llr = no to 0.85 for llr = 200.
(2) When columns are eccentrically loaded in the plane of the web,
producing bending in the strong direction, the secant formula neglects
the tendency toward lateral-torsional buckling which may exist, but
may be modified to compensate for this deficiency by assuming acci-
dental end eccentricity in the weak direction.
(3) The A. 1. S. C. "Section 6" formula does not take direct account
of additional stress due to deflections, but makes an arbitrary allowance
for lateral~torsional buckling, which' will be conservative in all cases
wherein the A. 1. S. C. stress reduction formula for beams in bending
is also conservative.
(4) The correct analysis of the lateral-torsional buckling of a
column loaded eccentrically in the plane of the web requires use of the
torsion constants in the calculation.
(5) In cases where lateral-torsional buckling is not a criterion; the
short strut formula may be used for llr of 50 or less.
(6) Columns loaded eccentrically in the plane of the web may
buckle by plastic lateral-~orsional buckling at loads corresponding to n
maximum stress of less than the yield point.
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